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390 SOLUTIONS OF PROBLEMS. 

But a/3 = — 1, and q n = Pn-i. It follows, therefore, that 

Hence, finally, the nth convergent is given by 

_ ( a »+i _ /j»+i)/(a» - 0»), 
where a, are the roots of the equation x 1 — x — 1 = 0. 

Also solved by Paul Capron, N. P. Pandya, and O. S. Adams. 

475. Proposed by E. B. ESCOTT, Kansas City, Mo. 

A man makes a contract to purchase a house, making a cash payment down and agreeing 
to make monthly payments of o dollars, interest being charged at 6 per cent., the balance of the 
monthly payments being credited on the principal. Find a formula for M n , the balance due after 
n payments. 

Solution by C. R. Duncan, Amherst, Massachusetts. 

Let Mo = balance due after the original cash payment, and r = rate of interest per month 
( = .06/12), then M r = interest due at end of first month, and a — M<,r = amount paid back 
on the principal Afo. 

At the end of the second month the interest would be less, the difference being equal to the 
interest on the amount paid back the first month, or (a — Mt>r)r. But as all monthly payments 
are to be equal this amount would be credited on the principal. Hence, the amount paid back 
on the principal at the end of the second month is 

(a - M„r) + (a - M r)r = (a - Af r)(l + r). 

Similarly, the amount paid back at the end of the third month would be equal to the amount 
paid back the second month plus the difference in interest between the second and third months, or 

(o - Af r)(l +r) + (a- M„r)(l + r)r = (a - Af r)(l + r) J . 

Hence, the amount paid back at the end of the nth month = (o — Af r)(l + r)" -1 . Therefore, 
the total amount paid back in n months is 

(a - Af r) + (a - M r)(l + r) + (a - M„r)(\ + r) J + • • • + (a - iW»(l + r)"" 1 

__ (a-Jf,r)[(l+r)"-ll 
r 
and the balance due after n payments is 

Putting the right-hand member equal to and solving for a, we have a formula for finding the 
amount of the monthly payments required to pay back the principal Afo in a given number of 
months, 

^ Af r(l + r)» 
° (1 + r)» - 1 " 

Also solved by G. W. Hartwell, E. J. Oglesby, Horace Olson, A. R. 
Nauer, Paul Capron, G. Paaswell, H. N. Carleton, J. B. Reynolds, and 
the Proposer. 

476. Proposed by w. habold WILSON, University of Illinois. 

Prove that if x» + x t (h, j = 1, 2, • • •, n, h * j), 

then 2 -JP-* = 1, 

4=1 n' (xi - x») 
*=i 

where the prime indicates the omission of zero factors in the denominator. 
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II. Solution by the Pboposee. 

It is convenient to use the notation 



Xi" 



Xl" 



X 2 " 



Xi" 



Xn 



1 



Xi 

1 



= n (x A - xj), 



ft<J. 1 



It is also convenient to designate the minor of A with respect to Xi n_1 by A,-. 

n 

A,- = n' (xh — Xj), h < j, 
ft, i=i 

where the prime indicates that no factor containing x,- enters. It now follows at once that 

n Xi n-1 » Xi n_1 A,- 



U' (xt - x k ) 



«-» (_ i).-i * n ( Xh - Xi ) 5 fa - x h ) n' (xj - xd 



h=i+l 



hj=l 



» (- l)'-^"-^,- 

,_I n (xa-x,), A<j 



A«=i A 



h<j, 



Also solved by A. A. Bennett, G. W. Habtwell, and E. H. Wobthington. 

GEOMETRY. 
508. Proposed by j. e. howe, State College, Pa. 

The trilinear coordinates of the Brocard triangle are (s 3 8 , S1S2S3, Si 3 ), («2 3 , Si 3 , SiSjSs), and 
(siSjs 3 , So 3 , S2 3 ) where st (i = 1, 2, 3) are the sines of the angles of the fundamental triangle. Show 
that the Brocard triangle and the fundamental triangle are in perspective, and that the trilinear 
coordinates of the center of perspectivity are s, -3 (i = 1, 2, 3) instead of Si 3 which are incorrectly 
given in Clebsch Vorlesungen Hber Geometrie, p. 323. 

Solution by William Hooves, Columbus, Ohio. 

Use of homogeneous coordinates permits us to replace Si, si, s 3 by a, b, c and we have 

(0, 2A/6, 0), (c 3 , dbc, a 3 ); (0, 0, 2A/c), (V, a 3 , abc); (2A/a, 0, 0), (06c, c 3 , 6 3 ) 

for the pairs of sets of trilinear coordinates of the corresponding vertices of the fundamental and 
Brocard triangles. 

The equation of a straight line passing through two points («i, ft, 71), (as, ft, 72) is 



a(ft7! — ft7i) + ft7i«2 — 72«i) + 7(«ift 
Thus the straight lines joining the pairs of vertices are 



a?a - ^7 = (2), 
The three lines 
lia + mi/8 + ni7 = (5), 
are concurrent if 



- a 3 a + 6 3 /3 = (3), 



ha + miP + «j7 = (6), 



a s ft) = 0. (1) 

b 3 -^7=0 (4). 
ha + wi 3 /3 + n S 7 = (7) 



h, mi, n\ 

h, mi, n t = 0. (8) 

h, TOs, n% 

(2), (3), and (4) are, therefore, concurrent and the fundamental and Brocard triangles are in 
perspective. 

1 L. G. Weld, The Theory of Determinants, Art. 89, p. 169. 



